CLIFFORD THEORY FOR COCENTRAL EXTENSIONS 



SEBASTIAN BURCIU 

Abstract. The classical Clifford correspondence for normal sub- 
groups is considered in the more general setting of semisimple Hopf 
algebras. We prove that this correspondence still holds if the ex- 
tension determined by the normal Hopf subalgebra is cocentral. 



Introduction 

The starting point for Clifford theory is Clifford's paper [3] on repre- 
sentations of normal groups. Since then a lot of literature was written 
on the subject. Parallel theories for graded rings and Lie algebras were 
developed in [3] and pQ respectively, as well as in other papers. A 
unifying setting for these theories was developed by Schneider [10] for 
Hopf Galois extensions. The main problem with this more general the- 
ory is that usually the stabilizer is not a Hopf subalgebra and is not an 
extension of the based ring. 

A more general approach was considered by Witherspoon in [TT] for 
any normal extension of semisimple algebras. With a certain definition 
of the stabilizer it was proven in [11] that the Clifford correspondence 
holds. 

In this paper we address an analogue of initial's Clifford approach 
for groups. We consider an extension of Hopf algebras A/B where B is 
a normal Hopf subalgebra of A and let M be an irreducible S-module. 
The conjugate 5-modules of M are defined as in [2] and the stabilizer 
Z of M is a Hopf subalgebra of A containing B. We say that the 
Clifford correspondence holds for M if induction from Z to A provides 
a bijection between the sets of Z (respectively A)-modules that contain 
M as a -B-submodule. 

Since B is normal in A also in the sense of [11] the results from this 
paper can also be applied. It is shown that the Clifford correspondence 
holds for M if and only if Z is a stabilizer in the sense proposed in 
|llj . A necessary and sufficient condition for this to happen is given 
in Proposition 12.81 Our approach uses the character theory for Hopf 
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algebras and normal Hopf subalgebras. If the extension 

k > B — i-> A — > H > k 

is cocentral then we prove that this condition is satisfied (see Corollary 
13. 1Q[) . Recall that a such extension is cocentral if H* C Z(A*) via it* . 

The paper is organized as follows. First section recalls the charac- 
ter theory results for Hopf subalgebras that are further needed. The 
next section defines the conjugate module and introduces the stabilizer 
as a Hopf subalgebra. The necessary and sufficient condition for the 
Clifford correspondence to hold is proven in this section. Third section 
considers the case when the quotient Hopf algebra is a finite group al- 
gebra. A different approach gives in these settings another criterion for 
the Clifford correspondence to hold (see Theorem I3.8H . As a corollary 
of this it is proven that the Clifford correspondence holds for cocentral 
extensions. In the last section of the paper a counterexample of a non 
cocentral extension where the Clifford correspondence does not hold 
anymore is given. 

For a vector space V over of a field k by |V| is denoted the dimension 
dimfcV. The comultiplication, counit and antipode of a Hopf algebra 
are denoted by A, e and S, respectively. We use Sweedler's notation 
A(x) = x\ (g> 22 for all x G H with the sum symbol dropped. All the 
other notations are those used in [8]. All considered modules are left 
modules. 

1. Normal Hopf subalgebras 

Throughout of this paper A will be a finite dimensional semisimple 
Hopf algebra over an algebraically closed field k of characteristic zero. 
Then A is also cosemisimple and S 2 = Id [6J. The set of irreducible 
characters of A is denoted by Itt(A). The Grothendieck group G(A) 
of the category of finite dimensional left A-modules is a ring under the 
tensor product of modules. Then C(A) = G{A) ®z k is a semisimple 
subalgebra of A* [12] and it has a basis given by the characters of the 
irreducible A-modules. 

Let B be a Hopf subalgebra A. By Corollary 2.5 of [2] there is a 
coset decomposition for A 

A = ®c/~BC. 

where ~ is an equivalence relation on the set of simple subcoalgebras 
of A given by C ~ C if and only if BC = BC . In |2j this equivalence 
relation is denoted by r A . 
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Since A is also cosemisimple [6] the set of simple subcoalgebras of A 
is in bijection with the set of irreducible characters of A* (see [5] for 
this correspondence). 

Suppose now that B is a normal Hopf subalgebra of A. Recall that 
this means aiBS(a 2 ) C B for all a G A. If x an d £t are t wo i rre ~ 
ducible characters of A it can be proven that their restriction to B 
either have the same irreducible constituents or they don't have com- 
mon constituents at all. Define x ~ A 4 if an d only m B (x [bi ^ Ib) > 0- 
With the above notations this is the equivalence relation r A * for the 

^ H*,k 

inclusion H* C A* where H = A/ /B is the quotient Hopf algebra. 
Let Ai, •• • ,Ai the equivalence classes of the above relation and 

a i= x ^ x 

for 1 < i < I. 

This equivalence relation determines an equivalence relation on the 
set of irreducible characters of B. Two irreducible S-characters a and 
(3 are equivalent if and only if they are constituents of x Ib f° r some 
irreducible character x of A. 

Let £>!,-•• ,B[ be the equivalence classes of this new equivalence 
relation and let 

hi = a{l)a. 

The induction-restriction formulae from [2] can be written as 
(1.1) Xi »- h 



and 

(1.2) ° ^ ~ lAl a * 



a(l) \B\aAV 



if X G A and a G $j. 



character of i? it follows that 



Since the regular character of A restricts to Id copies of the regular 



;i-3) a, li= j^jfti. 

In particular cij(l) = |^|&j(l) for all 1 < i < /(see also 4.1 of [2J' 
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2. Conjugate modules and stabilizers 

Let M be an irreducible 5-module with character a G C(B). We 
recall the following notion of conjugate module introduced in [2]. It 
was also previously considered in [10] in the cocommutative case. 

If W is an ^-module then W <S> M becomes a I?-module with 

(2.1) b{w ® m) = w <g> (S{wi)bw2)m 

Here we used that any left A*-module W is a right A-comodule via 
p(w) — w <g>Wi. It can be checked that if W = W as A*-modules then 
W ® M = W' (g> M. Thus for any irreducible character d G hr(A*) 
associated to a simple A-comodule W one can define the l?-module 
d M = W ® M. If a is the character of M then the character d a of d M 
is given by 

(2.2) d a(x) = a{Sd x xd 2 ) 
for all x G -B (see Proposition 5.3 of |2J). 

Remark 2.3. From Proposition 5.12 of [2] it follows that the equiv- 
alence class of a character a G Itt(B) is given by all the irreducible 
constituents of d a as d runs through all irreducible characters of H* . 

Fix a G Irr(.B) and suppose that a G £>» for some index i. 

Proposition 2.4. The set {d G Irr(^4*) | d a = e(d)a} is closed under 
multiplication and " * " . Thus it generates a Hopf subalgebra Z of A 
that contains B. 

Proof. Since d ( d 'a) = dd 'a it follows that the above set is closed under 
multiplication. Since d* is a constituent of some power of d it also 
follows that the set is closed under " * " too. Thus it generates a Hopf 
subalgebra Z of A (see [9]) with Z = ®cC where the sum is over all 
simple subcoalgebras of H whose irreducible characters d satisfy d a = 
e(d)a. If d G B then d a(x) = a(Sdixd 2 ) = a(xd2S(di)) = e(d)a(x) for 
all x G B. Therefore B C Z. □ 

Z will be called the stabilizer of a in A. 

Remark 2.5. IfC is any subcoalgebra of H then C®M has a structure 
of B-module as above using the fact that C is a right A-comodule via 
A. Then C ®M = M |c| as B-modules if and only ifCcZ. 

Remark 2.6. If A = kG and B = kN for a normal subgroup N then 
Z coincides with the stabilizer of a introduced in [3] . 
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2.1. On the stabilizer. Since B is normal in Z one can define as 
above two equivalences relations, on Irr(Z) respectively Irr(5). Let 
Zi, ■ • • , Z r be the equivalence classes in Irr(Z) and £>'i, • • • , B' r be the 
corresponding equivalence classes in Irr(S). 

Remark 12.31 implies that a by itself form an equivalence class of 
Irr(5), say B\. Then clearly the corresponding equivalence class Z\ is 
given by 

Z\ = {ip G Irr(Z)| ^ | B contains a}. 
Formula 11.11 becomes in this situation -ip \ Z B = t^vj a ^ or a ^ ^ ^ 
Let = Z^g^^/H 1 )^- Then ^ Q |J= jf[a(l)a by O and ip a (l) = 

Lemma 2.7. With the above notations 

-A 



Proo/. One has a |I= jf ^V»a by O But ^ a (l) = {f}a(l) 2 and 
the last formula becomes 

« Tb= -777 

Thus a Tb= (a Tl) Tz= w ■ 0n the other hand « 1b= j§^ij a i and 
one gets that: 

A _ |A|q(l) 2 _«(1) 2 

□ 

2.2. Definition of the Clifford correspondence. The above Lemma 
implies that for any ip G Z\ all the irreducible constituents of ip \% are 
in Ai . We say that the Clifford correspondence holds for the irreducible 
character a G £>j if ip \^ is irreducible for any irreducible character 
ip G Z\ and the induction function 

ind : Z 1 ^ Ai 

given by ind(^) = ip Tz i s a bijection. 

2.3. Clifford theory for normal subrings [llj. Let B C A an ex- 
tension of fc-algebras. An ideal J of B is called ^-invariant if A J = J A. 
Following [TTJ the extension A/B is called normal if every two sided 
ideal of B is A-invariant. Witherspoon gave a general Clifford corre- 
spondence for normal extensions. Let M be a I?-module. Then M 
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is called A stable if the module M IbIb * s isomorphic to direct sum 
of copies of M. A stabilizer S of M is a semisimple algebra S such 
that B C S C A, B is a normal subring of 5, M is 5-stable, and 
M - soc(M tsls) = M — soc(M till)- Here the M-socle of a 5 
-module is the sum of all its submodules isomorphic to M. 

Next we investigate a relationship between the stabilizer Z previ- 
ously defined and the notion of stabilizer defined as above for normal 
extensions. It is easy to see that if B is a normal Hopf subalgebra of A 
then the extension A/B is normal in the above sense (see also Propo- 
sition 5.3 of [H]). By the same argument B is normal in Z and from 
Remark 12.31 it follows that M is Z-stable. Thus Z is a stabilizer in the 
above sense if and only if the socle condition is satisfied. In terms of 
characters this can be written as m B (a till) a ) — rn B (a Ts!b> °) 
where a is the character of M. 

Proposition 2.8. With the above notations: 

(2) Equality holds if and only if Z is a stabilizer in the sense of 

mi- 

Proof. Clearly m B {a till, «) < m B {a Tb-Ib, a ) an d equality holds if 
and only if Z is a stabilizer in the sense of [TT] . 

Let as before s = j^j be the index of B in A and s' = j^j be the 
index of B in Z. 

Using formulae 11.21 and 11.31 it can be seen that : 

/ *a,a \ sa(l) , . A s s 2 a(l) . . 
TbIb> «) = ^TT m S ( a i Ib> a ) = — 77Y m B ( b i, a) 

a(l?s 2 



fli(l) 

A similar argument applied to the extension B C Z gives 

, . 7|7 v. a(l) 2 s' . 

^b(« Till, a ) = ^y = s 

since in this situation b\ = a(l)a. Thus s' = t|t < s^p- = t4ttttt 

1 V ^ |B| — bi(l) |B| 6i(l) 

which gives the required inequality. □ 

Remark 2.9. If A = kG and B = kN for a normal subgroup N then 
the above inequality is equality. It states that the number of conjugate 
modules of a is the index of the stabilizer of a in G. 
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2.4. Clifford correspondence. 

Theorem 2.10. The Clifford correspondence holds for a if and only if 
Z is a stabilizer in the sense given in [11] . 

Proof. If Z is a stabilizer in the sense given in pj] then the Clifford 
correspondence holds by Theorem 4.6 of the same paper. 
Conversely, suppose that the map 

ind : Z\ — > Ai 

given by ind("0) = ip Tz * s a bijection. Thus for any ip G Z\ there is a 
X ^ A{ such that ^ Tz = X- Note that this implies = j^jx(l). 
Since ind is a bijection one can write 

which implies that ^ a (l) = (pjj) 2 ai(l). Lemma I2TT1 implies ^(l) = 

|^l^fm"Qi(l) an d therefore one gets \Z\ = ^^ffi ■ Proposition 12.81 im- 
plies that Z is a stabilizer in the sense given in [TT]. □ 

3. Extensions of Hopf algebras 

Let B be a normal Hopf subalgebra of A and H = A/ / B. Then we 
have the extension 

(3- 1 ) k ► B — i-> A — # ► fc 

and A/.B is an iY-Galois extension with the comodule structure p : 
A® H given by p = (id <g> n)A. 

Remark 3.2. The restriction functor form A-modules to B-modules 
induces a map res : C(A) — > C(B). It is easy to see that res = i*\c{A), 
the restriction of i* : A* — > B* to the subalgebra of characters C (A) . 
By duality, 7r\c(A*) is the restriction map of A* -characters to H* (here 
H* C A* via TT*). 

3.1. Results on Hopf Galois extensions. In this subsection we re- 
call few facts about Clifford theory for Hopf Galois extensions over 
finite group algebras H = kF from [10J. (see also |4J). Let A/B 
be a Hopf Galois extension over H = kF via the comodule map 
p : A -> A <g> kF. For any / 6 F let Af = p~ l {A <g> kf). Since 
A/B is a Hopf Galois extension one has that A = Qj^fAj is a strongly 
graded algebra by F with A\ = B. The functor Af®B~ '-b M. -^-b M. 
is an equivalence of categories since Af is an invertible -B-bimodule, 
Af ®b Af-i = B. In particular for any simple -B-module M then 
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Aj®bM is also a simple B-module. From this it follows that the group 
F acts on the irreducible representations of B by f.M := Af (g># M 

The stabilizer H of M is defined as the set of all / G F such that 
A f ® B M = M as 5-modules. It is a subgroup of F. Let S := A(H) = 
p^(A ® fcif) = ©fcg^Aft. Then the induction map ind 

{V G S-mod : V |f contains M} —> {P <E A-mod : P contains M} 

given by ind(M) = S ®s M is a bijection. 

3.2. Extensions by fcF. For the rest of this section we suppose that 
H = kF for some finite group F. Then H* = k F is a normal Hopf 
subalgebra of A* and one can define the same equivalence relations 
form the beginning of this paper for this extension. Since Irr(fc F ) = F 
this gives a partition of the group F = |_lj=i -Fy Then by Remark 13.21 
formula 11.31 applied to this situation implies that for any d G Irr(A*) 
there is an unique index j such that 

(3.3) Tr(d) = € M £ /. 

3.3. Dimension of the orbit. Let M be an irreducible representation 
of 5 with character a and let if < F be the stabilizer of M. Since 
\f-M\ = \M\ it follows that all the irreducible representations in the 
equivalence class of M have the same dimension. If s is their number 
then clearly s = j^j. Suppose now that £>; is the equivalence class of a. 
The above results implies that Bi coincide with the set of characters of 
the irreducible modules f.M. Thus 

(3.4) 6,(1) = sa(l) 2 = j|ja(l) 2 . 

3.4. Coset decomposition. Recall the coset decomposition for A 

(3.5) A = ®c/~BC. 

where ~ is an equivalence relation on the set of simple subcoalgebras of 
A given by C ~ C if and only if BC = BC. Note that BC = CB for 
any simple subcoalgebra C of A since B is a normal Hopf subalgebra 
(see also [2]). 

Lemma 3.6. Suppose that tt : A — •> kF is a surjective map of Hopf 
algebras where F is a finite group. Let C be a simple subcoalgebra of A 
with irreducible character d and suppose n(d) = ^2 ge ^ ct g g where A C F 
and a g are positive integers for all g G A. Then tt(C) = (Bg^kg. 
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Proof. 7r(C) is a subcoalgebra of kF and therefore 7r(C) = ® g eskg. It is 
enough to show A = B. Clearly Ad B. For any g G 23 let fc 9 be a copy 
of the field k. By duality 7r* induces an embedding of the semisimple 
algebra R = Ylg^B m * ne ma t r i x algebra C* = M e ^(k). Writing the 
primitive idempotents of R in terms of the primitive idempotents of 
C* it follows that B C A. □ 

Lemma 3.7. Assume that H = kF for some finite group F. Let 
d G Irr(v4*) associated to the simple subcoalgebra C . If 



then the coset BC = ® feTj A(f). 

Proof. Let A s = ® feJ r 3 A(f) for all 1 < s < m. Then A = ®f =1 A s . 
The above lemma implies that vr(C) = (Bfe^kf. Since tt(BC) = n(C) 
this shows BC C A,. The coset decomposition formula 13.51 forces 



Theorem 3.8. Suppose that H = kF for some finite group F. Let 
M be an irreducible representation of B with character a and let H < 
F be the stabilizer of M. Then Z C S := A(H) and the Clifford 
correspondence holds for a if and only if Z = S . 

Proof. Since A/B is an Hopf Galois extension over H = kF it follows 
as above that A is strongly F-graded with A = (Bf eF Af. First we will 
show that Z C S = A(H). Recall the definition of Z as the sum of 
all simple subcoalgebras C whose irreducible characters d verify the 
property d a = e(d)a. Let C be such an algebra with character d. As 
above there is a j such that n(d) = X!/e.F, /• ^ i s eas y ^° see that 
the canonical map CB®M — > CB®bM is a morphism of I?-modules. 
Since BC cZisa subcoalgebra Remark [23] implies CB®M = M |aB| 
as -B-modules. Thus CB®bM is a sum of copies of M. By Lemma I3T7I 
BC® B M = @ f&r .A(f)® B M which shows that Tj C hi and therefore 
C C A(H) by Lemma ESI Thus Z = J2ccz C c A ( H )- 

Since S/B is a fci7-Hopf Galois extension it follows that \S\ = \B\\H\. 

Using formula E31 it follows that \S\ = if a G Bi. Then Theorem 

12.101 shows that the Clifford correspondence holds if and only if \Z\ = 




BC = Aj. 



□ 



\S\. 



□ 



It is easy to see that Aa(5) C A® S. 



Corollary 3.9. Suppose that H = kF for some finite group F. Let M 
be an irreducible representation of B with character a and let H < F 
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be the stabilizer of M. Then the Clifford correspondence holds for a if 
and only S is a Hopf subalgebra of A. 

Proof. Any S'-module which restricted to B contains M is a direct sum 
of copies of M as a -B-module by Corollary 2.2 of [10]. If S is a Hopf 
algebra then Remark 12.31 applied to the extension S/ B implies that 
S CZ. Thus S = Z. □ 

Corollary 3.10. Suppose that the extension \3.1\ is cocentral. Then the 
Clifford correspondence holds for any irreducible B-module M . 

Proof. Since H* is commutative there is a finite group F such that 
H = kF. It is easy to see that H* C Z(A*) via 7r* if and only if 
7r(ai) (8> a>2 — i?{ a 2) ® &i for all a G A. This last relation implies that 
S is a Hopf subalgebra of A and the previous corollary finishes the 
proof. □ 

4. A Counterexample 

Let E = be an an exact factorization of finite groups. This 
gives a right action < : G x F ^ G of F on the set G, and a left 
action \> : G x F F oi G on the set F subject to the following two 
conditions: 

s > xy = (s > x)((s <\ x) > y) st < x = (s < (t > x))(t < x) 

The actions > and < are determined by the relations gx = (g > 
x)(<7 < a?) for all x G F, p G G. Note that 1 D> x = x and s < 1 = s. 

Consider the Hopf algebra A = k #kF [7] which is a smashed prod- 
uct and coproduct using the above two action. The structure of A is 
given by: 

(5 g x)(8 h y) = 5 g<x , h 5 g xy 
A(S g x) = 2^ ^(t > x) ® 5 t x 

st=g 

Then A fits into the abelian extension 

k > k G — i-> A kF > k 

As above F acts on \n{k G ) = G. It is easy to see that this action 
is exactly <l. Let g G G and H be the stabilizer of g under <. Using 
the above notations it follows that S = A(H) = k : =ffkH. We will 
construct an example where S is not a Hopf algebra and therefore the 
Clifford correspondence does not hold g G G. Remark that the above 
comultiplication formula implies S is a Hopf subalgebra if and only if 
G > H c H. 
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1L4 < 03 


9 


9 


„3 
9 


t 


9 


9 A 


9 1 


s 


9 1 


9" 


9 


S^ 


9 A 


9 


9 2 


St 


9 A 


9 J 


9 


ts 


9 2 


9 


9* 



Table 1 . The right action of § 3 on C 4 



C 4 l>§3 


t 


s 


s 1 


St 


ts 


9 


ts 


t 


s 


St 


s 2 


9 J 


s> 


ts 


t 


St 


s 


9" 


s 


s' 1 


ts 


St 


t 



Table 2. The left action of C 4 on S 3 



Consider the exact fact factorization §> 4 = C4S3 where C4 is gener- 
ated by the four cycle g = (1234) and §3 is given by the permutations 
that leave 4 fixed. If t — (12) and s = (123) then the actions < and > 
are given in Tables 1 and 2. 

The stabilizer of the element g is the subgroup {l,t} which is not 
invariant by the action of C 4 . Thus the Clifford correspondence does 
not hold for g. 
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